
Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ì.Â.Ëîìîíîñîâà

Îëèìïèàäà ¾Ïîêîðè Âîðîáü�åâû ãîðû¿ äëÿ 10 êëàññîâ

Âàðèàíò 4�1

1. Â âîçðàñòàþùåé àðèôìåòè÷åñêîé ïðîãðåññèè {bi} äàíî b1 = 1, bb2 = 10.
Íàéäèòå bn ñ íîìåðîì n = bb3 .

2. Âûñîòà, ïðîâåä¼ííàÿ ê ãèïîòåíóçå ïðÿìîóãîëüíîãî òðåóãîëüíèêà, äåëèò

ãèïîòåíóçó íà äâà îòðåçêà, îäèí èç êîòîðûõ ðàâåí 16. Íàéäèòå äëèíó

âòîðîãî îòðåçêà, åñëè ðàäèóñ âïèñàííîé â ýòîò òðåóãîëüíèê îêðóæíîñòè

ðàâåí 5.

3. Íàéäèòå íàèìåíüøèé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

sin
(
x2 − 2, 57

)
= cos(πx).

4. Ñóììà äëèí äâóõ ðåáåð ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà ðàâíà 2020, à

ïðîèçâåäåíèå ðàâíî äëèíå òðåòüåãî ðåáðà. Íàéäèòå äèàãîíàëü ýòîãî ïà-

ðàëëåëåïèïåäà, åñëè èçâåñòíî, ÷òî îíà íà 1 äëèííåå òðåòüåãî ðåáðà.

5. Íàéäèòå âñå çíà÷åíèÿ ïàðàìåòðà a, ïðè êîòîðûõ óðàâíåíèå

x2 + a|x− a| = 8x− 15

èìååò ðåøåíèå. Äëÿ êàæäîãî èç íàéäåííûõ a óêàæèòå ÷èñëî ðåøåíèé.

ìàé 2020 ã.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

èìåíè Ì.Â.Ëîìîíîñîâà

Îëèìïèàäà ¾Ïîêîðè Âîðîáü�åâû ãîðû¿ äëÿ 10 êëàññîâ

Âàðèàíò 4�2

1. Â âîçðàñòàþùåé àðèôìåòè÷åñêîé ïðîãðåññèè {bi} äàíî b1 = 1, bb2 = 17.
Íàéäèòå bn ñ íîìåðîì n = bb3 .

2. Ðàäèóñ âïèñàííîé â ïðÿìîóãîëüíûé òðåóãîëüíèê îêðóæíîñòè ðàâåí 5. Âû-

ñîòà, ïðîâåä¼ííàÿ ê ãèïîòåíóçå, äåëèò ãèïîòåíóçó íà äâà îòðåçêà, îäèí èç

êîòîðûõ ðàâåí 9. Íàéäèòå äëèíó âòîðîãî îòðåçêà.

3. Íàéäèòå íàèìåíüøèé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

sin
(
x2 − 2, 58

)
= cos(πx).

4. Ñóììà äëèí äâóõ ðåáåð ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà ðàâíà 2020, à

ïðîèçâåäåíèå ðàâíî äëèíå òðåòüåãî ðåáðà. Íàéäèòå äëèíó òðåòüåãî ðåáðà,

åñëè èçâåñòíî, ÷òî îíà íà 1 ìåíüøå äëèíû äèàãîíàëè ýòîãî ïàðàëëåëåïè-

ïåäà.

5. Íàéäèòå âñå çíà÷åíèÿ ïàðàìåòðà a, ïðè êîòîðûõ óðàâíåíèå

x2 + a|x− a| = 10x− 24

èìååò ðåøåíèå. Äëÿ êàæäîãî èç íàéäåííûõ a óêàæèòå ÷èñëî ðåøåíèé.

ìàé 2020 ã.



Îòâåòû è ðåøåíèÿ ê âàðèàíòó 4�1 (2)

1. b2 = b1 + d, b1+d = 10 ⇒ b1 + d (1 + d− 1) = 10 ⇒ 1 + d2 = 10, d = 3 (òàê

êàê ïðîãðåññèÿ âîçðàñòàþùàÿ).

b3 = 1 + 2d = 1 + 6 = 7, bb3 = b7 = 1 + 6d = 19,

bbb3 = b19 = b1 + 18d = 55.

Îòâåò: 55. Îòâåò ê âàðèàíòó: 4�2: 129.

2. Ïóñòü âòîðîé îòðåçîê ðàâåí x. Òîãäà ãèïîòåíóçà ðàâíà (x+ 16), âûñîòà òðåóãîëüíèêà
ðàâíà

√
16x. Ïî òåîðåìå Ïèôàãîðà íàõîäÿòñÿ êàòåòû: îíè ðàâíû a =

√
162 + 16x è

b =
√
x2 + 16x. Ðàäèóñ âïèñàííîé îêðóæíîñòè ðàâåí a+b−c

2
=

√
16(x+16)+

√
x(x+16)−x−16

2
.

Ïîëó÷àåòñÿ óðàâíåíèå√
16 (x+ 16) +

√
x (x+ 16)− x− 16 = 10 ⇔

√
16 (x+ 16) +

√
x (x+ 16) = x+ 26 ⇔

⇔ (x+ 16)2 + 2 (x+ 16)
√
16x = (x+ 26)2 ⇔ 4 (x+ 16)

√
2x = 5 (2x+ 21) ⇔

⇔ 4x (x+ 16)2 = 25 (x+ 21)2 ⇔ 4x3 + 103x2 − 26x− 11025 = 0.

Ïîäáèðàåòñÿ ðàöèîíàëüíûé êîðåíü x = 9, ïîñëå ÷åãî ïîëó÷àåòñÿ ðàçëîæåíèå

(x− 9)
(
4x2 + 139x+ 1225

)
= 0.

Äðóãèõ êîðíåé íåò.

Âòîðîé ñïîñîá ðåøåíèÿ. Óðàâíåíèå 1
r
= 1

ha
+ 1

hb
+ 1

hc
â íàøåì ñëó÷àå ïðèíèìàåò

âèä:
1

5
=

1√
16x

+
1√

16(x+ 16)
+

1√
x(x+ 16)

.

Ââèäó ìîíîòîííîñòè óðàâíåíèÿ ñïðàâà, êîðåíü x = 9 åäèíñòâåíåí.

Îòâåò: 9.

Îòâåò ê âàðèàíòó: 4�2: 16.

3. sin
(
x2 − 2, 57

)
= cos(πx) ⇔ cos

(
π
2
− x2 + 2, 57

)
= cos(πx) ⇔

⇔ x2 ± πx = π
2
+ 2, 57 + 2πk ⇔

(
x± π

2

)2
= π2

4
+ π

2
+ 2, 57 + 2πk, k ∈ Z.

Ïðàâàÿ ÷àñòü ýòèõ óðàâíåíèé íåîòðèöàòåëüíà ïðè k > −1, êàíäèäàòàìè íà íàèìåíüøèé
ïîëîæèòåëüíûé êîðåíü áóäóò

x1 =
π

2
−

√
π2

4
+

π

2
+ 2, 57− 2π; x2 = −π

2
+

√
π2

4
+

π

2
+ 2, 57.

Ñðàâíåíèå ýòèõ ÷èñåë äàåò

x1

∨
x2 ⇔ π −

√
π2

4
+

π

2
+ 2, 57− 2π

∨√
π2

4
+

π

2
+ 2, 57 ⇔

⇔ π2 − 2π − 2π

√
π2

4
+

π

2
+ 2, 57− 2π

∨
0 ⇔ (π − 2)2

∨
π2 − 6π + 4 · 2, 57 ⇔

⇔ 2π + 4
∨

4 · 2, 57 ⇔ π
∨

3, 14,

îòêóäà x1 > x2.

Îòâåò: −π

2
+

√
π2

4
+

π

2
+ 2, 57. Îòâåò ê âàðèàíòó: 4�2:

π

2
−

√
π2

4
− 3π

2
+ 2, 58.

4. Åñëè a, b � äëèíû äâóõ ð¼áåð ïàðàëëåëåïèïåäà, ab � äëèíà òðåòüåãî, òî äèàãîíàëü
ðàâíà ab+ 1, ïîýòîìó

a2 + b2 + (ab)2 = (ab+ 1)2,

a2 + b2 = 2ab+ 1,

(a− b)2 = 1.

Ñëåäîâàòåëüíî, ÷èñëà a è b îòëè÷àþòñÿ íà 1. Ïî óñëîâèþ, èõ ñóììà ðàâíà 2020, ïîýòîìó
ýòî ÷èñëà 1009, 5 è 1010, 5, à äèàãîíàëü ðàâíà 1009, 5 · 1010, 5 + 1 = 10102 − 1/4 + 1 =
1020100, 75.

Îòâåò: 1020100,75.

Îòâåò ê âàðèàíòó: 4�2: 1020099,75.

5. Ïåðåïèñàâ óðàâíåíèå â âèäå a|x − a| = −x2 + 8x − 15, çàìåòèì, ÷òî ãðàôèê ïðàâîé
÷àñòè íå èçìåíÿåòñÿ è ïðåäñòàâëÿåò ñîáîé ïàðàáîëó âåòâÿìè âíèç, ïåðåñåêàþùóþ îñü
Ox â òî÷êàõ (3; 0) è (5; 0). Ãðàôèê ëåâîé ÷àñòè ïðè a < 0 ïðåäñòàâëÿåò ñîáîé ¾ãàëêó¿
âåòâÿìè âíèç ñ âåðøèíîé â òî÷êå (a; 0), ÿñíî, ÷òî óðàâíåíèå èç óñëîâèÿ çàäà÷è áóäåò
èìåòü 2 ðåøåíèÿ. Ïðè a = 0 ÿñíî, ÷òî ðåøåíèé òîæå äâà, x = 3 è x = 5. Ïðè 0 < a < 3
íàïðàâëåíèå âåòâåé ¾ãàëêè¿ ñòàíåò ââåðõ, ïðè ýòîì ïåðåñåêàòüñÿ ñ ïàðàáîëîé ìîæåò
òîëüêî ïðàâàÿ åå âåòâü (x > a). Ðàññìàòðèâàÿ óðàâíåíèå ax−a2 = −x2+8x−15, íàéäåì,

÷òî îíî èìååò ðåøåíèÿ ïðè a ∈
(
0;

8− 2
√
11

5

]
∪
[
8 + 2

√
11

5
; 3

)
. Óñëîâèå x > a áóäåò

âûïîëíåíî òîëüêî ïðè a ∈
(
0;

8− 2
√
11

5

]
.

Ïðè 3 6 a 6 5 ÿñíî, ÷òî óðàâíåíèå èìååò ðåøåíèÿ: ïðè 3 < a < 5 èõ áóäåò äâà, ïðè a = 3
è a = 5 íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ, ÷òî ðåøåíèå áóäåò îäíî. Ïðè a > 5
ïåðåñåêàòüñÿ ñ ïàðàáîëîé ìîæåò òîëüêî ëåâàÿ âåòâü ¾ãàëêè¿ (x 6 a). Ðàññìàòðèâàÿ

óðàâíåíèå−ax+a2 = −x2+8x−15, ïîëó÷èì, ÷òî îíî èìååò ðåøåíèÿ ïðè a ∈
[
5; 8+2

√
19

3

)
,

íî ïðè ýòèõ a óñëîâèå x 6 a íå âûïîëíåíî.

Îòâåò: a ∈
(
−∞;

8− 2
√
11

5

]
∪ [3; 5], ïðè a =

8− 2
√
11

5
, a = 3, a = 5 ðåøåíèå áóäåò

åäèíñòâåííûì, ïðè âñåõ îñòàëüíûõ óêàçàííûõ a ðåøåíèé áóäåò äâà. Îòâåò ê âàðèàíòó:

4�2: a ∈
(
−∞; 2− 4√

5

]
∪ [4; 6]. Ïðè a = 2 − 4√

5
, a = 4, a = 6 îäíî ðåøåíèå, ïðè

îñòàëüíûõ óêàçàííûõ a áóäåò 2 ðåøåíèÿ.

ìàé 2020 ã.


